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Abstract
In this study, a series of monotonically drained triaxial tests were conducted using the large-scale 
cylindrical triaxial apparatus. The effect of particle breakage and confining pressure on the mechanical 
behaviour of ballast were investigated. Based on the experimental findings, mathematical expressions 
for critical state stress ratio and specific volume are proposed to incorporate the evolution of particle 
breakage during monotonic shearing. An elasto-plastic constitutive model is formulated within the 
critical state soil mechanics framework in order to capture the stress-strain behaviour and degradation 
of ballast. The non-linear variation of shear strength envelope at a given range of confining pressures 
is taken into account. Mathematical expressions for shear hardening and stress-dilatancy relations are 
proposed. The constitutive model is calibrated against the results of large-scale laboratory tests and 
further validated using experimental results available from past independent studies. It is proved that 
the proposed method can promisingly predict the deformation of the ballast layer in a typical railway 
environment. 
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1 Introduction 
Both short-term and long-term deformations of ballasted track are primarily influenced by the 
nature of substructure components including the ballast layer. The fast and heavy trains induce the 
higher rate of ballast degradation that is characterised by unacceptable track deformation and the 
lateral spread of ballast that leads to more frequency maintenance. However, until today, the vast 
majority of railway engineers have regarded ballast as an elastic media. Although the accumulation of 
plastic deformation under traffic loading is evident, most studies in the literature dealt in elastic 
modelling of the rail track. Limited research has been conducted on modelling the plastic deformation 
of ballast associated with track loading, although some researchers have attempted to simulate the 
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plastic deformation empirically (Indraratna, et al., 2011). Suiker and de Borst (2003) presented a 
plastic deformation model for ballast, where both plastic ‘frictional sliding’ and ‘volumetric 
compaction’ mechanisms have been considered during cyclic loading. A constitutive model for ballast 
based on fuzzy set concepts has been developed by Ge (2003). However, these two models did not 
consider the breakage of particles during shear deformation. Salim and Indraratna (2004) proposed a 
new stress-strain and particle breakage constitutive model for ballast based on the critical state 
framework. Unfortunately, the effect of particle breakage on the plastic deformation was considered 
by an empirical relationship.  
It is found that the breakage of particles influences the strength and deformation behaviour of rail 
ballast (Indraratna et al., 1998; Lackenby et al., 2007). It is well-established in granular media that 
when grain breakage occurs, the internal angle of friction and the associated dilation angle decrease, 
while facilitating further compression (Marsal, 1967; Chales and Watts, 1980; Ueng and Chen, 2000). 
Been et al. (1991) investigated the critical state of sands for a wide range of confining stresses and 
proposed a bilinear critical state line (CSL). Russell and Khalili (2004) described the behaviour of 
crushable granular materials using a three-segment CSL within a boundary surface constitutive model. 
Bedin et al. (2012) through a series monotonic triaxial testing on gold tailings observed a highly non-
linear shape of CSL and stated that the curvature was due to particle breakage. Daouadji et al. (2001) 
represented the position of the CSL in terms of the amount of energy needed for grain breakage, 
showing that the CSL in the e-lnp' domain descends according to the evolution of particle gradation. 
Muir Wood and Maeda (2008) proposed a model for sands in which a series of critical state lines in 
the e-lnp' plane are related to the current grading of the soil. As particle breakage occurs, the grading 
index Ig increase, it is assumed the current critical state line moves downwards towards a limiting 
critical state line at the limiting grading. It is therefore assumed that the effects of breakage are to 
move the critical state line continually downwards. The downward shift of the CSL on the e-lnp' plane 
can be attributed to the smaller broken grains which then rearrange to a more compact state attaining a 
lower void ratio, e (e.g. Russel and Khalili, 2004; Bedin et al., 2012). 
In this paper, the critical state of ballast is investigated by conducting triaxial tests using large-
scale cylindrical triaxial apparatus designed and built at the University of Wollongong. The particle 
breakage was quantified using the Ballast Breakage Index (BBI) proposed by Indraratna et al. (2005). 
The particle breakage during triaxial shearing is modelled by a nonlinear function which links BBI 
with the accumulated plastic deviatoric strain and initial effective mean stress. Hence, it is possible to 
predict the evolution of BBI at each stage of loading, whereby BBI is captured in the CSL in both q-p'
and v-lnp' planes. Inspired by the laboratory observations, an elasto-plastic state-dependent 
constitutive model under triaxial monotonic loading is formulated and presented in this paper. 
2 Experimental Program and Test Results 
Latite basalt, a commonly used ballast in the state of New South Wales, Australia, was used in this 
study. It was thoroughly cleaned, dried and sieved through a set of 12 standard sieves (aperture size 
53: 2.36 mm). Particles from each size range were weighed separately and mixed thoroughly before 
placing them inside a 7 mm thick rubber membrane in four separate layers, where each layer was 
compacted with a plate vibrator to a density of 1530 kg/m3. Prior to testing, each specimen was 
subjected to an upward flow of water from the bottom plate under a back pressure of 10 kPa. The 
specimen was allowed to saturate overnight until a Skempton’s B value of 0.97-0.98 was achieved for 
typical compacted ballast with an initial void ratio of around 0.76. Before shearing, the specimens 
were isotropically consolidated at confining pressures of 30-420 kPa. The confining pressure was 
increased in several steps to a constant preselected value. Fully drained compression tests were 
conducted at an axial strain rate of 3 mm/min, which prevented any build-up of excess pore water 
pressure. Shearing was continued until the samples either reached their critical states or until the 
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vertical strain reached the maximum strain capacity of 30%. Upon completion of each test, the 
specimens were sieved to determine the extent of breakage using ballast breakage index BBI.  
Figure 1(a) shows the measured deviatoric stress q versus the deviatoric strain at the range of 
confining pressures adopted in the present study. It is observed that q initially increases with 
increasing deviator strain until it reaches the peak value. Apparently, for a higher confining pressure, 
the peak value of q becomes higher. In Figure 1(b), the deviatoric strain is depicted versus the 
volumetric strain. It is seen that at relatively low confining pressure (ı3' İ 60 kPa), the volumetric 
strain is initially compressive but it swiftly becomes dilative with the increasing deviatoric strain. As 
the confining pressure increases, the rate of dilation diminishes as expected. At elevated confining 
pressure (ı3'ı 300 kPa), the overall volumetric response is compressive.  
(a)                                                                          (b) 
Figure 1: Static response of ballast: (a) Variation of deviatoric stress q with deviatoric strain İs and 
(b) variation of volumetric strain İv with deviatoric strain İs (data sourced from Indraratna et al., 2015) 
The specific volume and effective mean stress obtained by the tests are plotted in Figure 2(a). The 
results indicate that the CSL for ballast is no longer a straight line, and that the location of CSL would 
change in the compression plane with the increase of BBI. The CSL in the v-lnp' plane becomes a 
critical state surface when the extra dimension of BBI is added (Figure 2(b)). The CSL, in the form of 
a dashed line in Figure 2(b), corresponding to the current value of BBI, is assumed to have a constant 
slope. As the effective mean stress increases, the BBI increases. The critical state surface cannot exist 
for stress levels above a certain limit which depends on the current value of BBI. Thus, the critical 
state surface in the v-lnp'-BBI space can be represented by: 
                                                      ( ) 'lnexp pBBIbav
refc λ−⋅⋅−Γ=                                                    (1) 
where ɝref, a and b are material constants controlling the evolution rate of the CSL with particle 
breakage. 
Figure 3(a) shows the critical states for ballast on q-p' plot, and the corresponding BBI at these 
critical state points. The CSL in the q-p' plane is non-linear. As expected, the extent of breakage is 
greater with increasing p', and the drop in q is more pronounced as p' increases. The critical state stress 
ratio Mc = (q/p')c is not a constant for ballast and it is plotted as a function of the BBI in Figure 3(b). 
As particle breakage increases, Mc decreases and can be represented by: 
                                                       ( )[ ]BBIMM cc ⋅−−−= αexp10                                                          (2) 
where Į is the model parameter, and Mc0 = critical state stress ratio for BBI = 0. 
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(a)                                                              (b) 
Figure 2: Monotonic triaxial tests results on ballast: (a) critical state points on v-lnp’ plane and (b) 
critical state surface in compression-breakage space 
(a)                                                                             (b) 
Figure 3: Monotonic triaxial tests results on ballast: (a) critical state points on q-p’ plane and (b) 
evolution of Mc with BBI 
3 Elasto-plastic Model for Railway Ballast 
3.1 Particle Breakage Model 
According to the experimental evidence the particle breakage increases with increasing axial strain, 
but at a decreasing rate, finally approaching a relatively constant value (Indraratna and Salim, 2002). 
The value of breakage index also becomes greater as the confining pressure increases (Indraratna et al., 
2015). A unified function is thus proposed to represent the particle breakage during shearing under 
triaxial condition: 
                                                               ( )[ ]
'ln
exp1
ib
p
sbb
p
BBI
−
−−
=
ω
ενθ                                                                (3) 
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where șb, Ȟb and Ȧb are material constants characterising the breakage of aggregates, and pi' is the 
initial effective mean stress, which is used to consider the effect of confining pressure under triaxial 
condition. 
3.2 State Parameter 
It is proposed that the strength of ballast varies with the current specific volume and mean stress, 
through a state parameter (Been et al., 1991): 
                                                                         
cυυψ −=                                                                      (4) 
where ȣ is the current volume, and ȣc is the critical state volume. Substituting Equation (1) into 
Equation (4) gives,  
                                                    ( ) 'lnexp pBBIbaref λυψ +⋅⋅+Γ−=                                                (5) 
Hence, the current state of the sample is linked to the critical state using a state parameter. Equation 
(5) also represents the evolution of ȥ as a function of BBI. 
3.3 Plastic Behaviour 
In the current analysis, the yield surface in q-p' plane is described by the simple linear relationship: 
                                                                       
spqf η⋅−= '                                                                     (6) 
where Șs is the hardening parameter linking the change in location of yield locus (change in stress 
ratio) to the distortional plastic strain and is proposed as: 
                                 ( )[ ] ( )[ ]'ln110 peakeMB BBIbrefpBBIcpsm
p
s
s λυε
εη α +⋅+Γ−−⋅−−
+
=
⋅⋅−                             (7) 
where Bm is a material constant linked to the initial stiffness of the ballast, kp is a constant. Equation 
(7) indicates that the hardening of ballast depends on p
sε , ȥ and BBI. 
A state-dependent dilatancy relationship for ballast is proposed according to the laboratory 
observations (Indraratna et al., 2015) and the critical state constitutive framework: 
                    ( )[ ] ( )[ ]( ){ }ηλυεε α −+⋅⋅+Γ−⋅−−== ⋅− 'lnexpexp10 pBBIbakeMAddD refdBBIcdpspv              (8) 
Where D is the dilatancy linked to an nonassociated flow rule, p
vdε is the plastic volumetric strain 
increment, p
sdε  is the plastic distortional strain increment, kd is model parameter. 
3.4 Elastic Behaviour 
The elastic deviatoric and volumetric strain increments e
sdε  and 
e
vdε  can be obtained by: 
                                                                          
G
dqd es 3
=ε                                                                       (9) 
                                                                   ( )
( )G
dpd ev ν
ν
ε
+
−
=
12
'213                                                                   (10) 
where G is elastic shear modulus and Ȟ is the Poisson’s ratio. 
4 Model Predictions 
The elasto-plastic model needs fifteen parameters which can be readily obtained from laboratory 
data. The detail for determining the model parameters can be found in Indraratna et al. (2015).  
Figure 4 shows the stress-strain and volume change predictions employing the current model, in 
comparison with laboratory observations. The model parameters were used as: G = 8 Mpa, Ȟ = 0.3; șb
An Elasto-Plastic Method for Analysing the Deformation of the Railway Ballast Sun et al.
958
= 0.33, Ȟb = 11.5, Ȧb = 6.4, Mc0 = 2.6, ɝref = 2.41, Ȝ = 0.105, Į = 4.287, a = 0.2, b = 1.87, kp = 1.05, Bm
= 0.017, Ad = 0.8 and kd = 1.6. Here the elastic parameters are assumed to be constant with breakage. 
Figure 4(a) indicates that particle breakage decreases the shear strength of ballast. As the confining 
pressure increases, the reduction in strength is more pronounced due to higher particle breakage. 
Figure 4(b) shows that only a small difference is evident in volumetric strain response between the 
model prediction with particle breakage and the one without particle breakage for small confining 
pressure (ı3' = 60 kPa). The particle breakage causes the specimens to be more compressive, and as 
the confining pressure increases, this effect is more pronounced (Figure 4(b)).   
Drained tests from Indraratna et al., (1998) are shown in Figure 5. The model parameters were 
used as: G = 5.27 MPa, Ȟ = 0.25; șb = 0.30, Ȟb = 11.2, Ȧb = 6.1, Mc0 = 2.18, ɝref = 2.41, Ȝ = 0.164, Į
=2.833, a = 0.061, b = 2.267, kp = 0.9, Bm = 0.017, Ad = 1.4 and kd = 1.28. The stress-strain and 
volume change behaviours of the specimens are well captured using the proposed model. 
        
(a)                                                                   (b)
Figure 4: Model predictions compared with experimental results of drained triaxial shearing: (a) 
stress-strain response and (b) volume change behavior (data sourced from Indraratna et al., 2015) 
(a)                                                                  (b) 
Figure 6: Model predictions compared with experimental results of drained triaxial shearing: (a) 
stress-strain response and (b) volume change behavior (data sourced from Indraratna et al., 1998) 
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5 Conclusions 
This paper considers effects of particle breakage and non-linearity of critical state strength 
envelopes on the monotonic behaviour of ballast. Consolidated drained triaxial tests were conducted 
using large-scale cylindrical apparatus at various confining pressures. An elasto-plastic state 
dependent constitutive model based on critical state soil mechanics framework is proposed to address 
aspects of particle breakage and nonlinear behaviour. 
During triaxial shearing, the hardening of ballast depends on p
sε , ȥ and BBI and this can be 
reflected by a hyperbolic hardening relationship. Dilatancy for ballast depends not only on Ș, and ȥ
but also on BBI. The present study reveals that effects of particle breakage and their implications on 
the nonlinearity of CSL are successfully captured in the constitutive equations, and the model 
predictions are encouraging when compared with the laboratory data. 
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